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Abstract

Drawing on various approaches to the study of mathematics learning, Gersten, Jordan, and Flojo (in this issue) explore the implications
of this research for identifying children at risk for developing mathematical disabilities. One of the key topics Gersten et al. consider in
their review is that of “number sense.” I expand on their preliminary effort by examining in detail the diverse set of components pur-
ported to be encompassed by this construct. My analysis reveals some major differences between the ways in which number sense is
defined in the mathematical cognition literature and its definition in the literature in mathematics education. I also present recent em-
pirical evidence and theoretical perspectives bearing on the importance of measuring the speed of making magnitude comparisons.
Finally, I discuss how differing conceptions of number sense inform the issue of whether and to what extent it may be teachable.

Gersten, Jordan, and Flojo (in
this issue) judiciously review
and appraise relevant empiri-

cal evidence and theoretical perspec-
tives pertaining to issues of both the
early identification of mathematical
disabilities (MD) and their remedia-
tion. Among other topics they cover in
their incisive treatment of several per-
tinent literatures, Gersten et al. exam-
ine the construct of number sense. They
begin by defining it conceptually and
describing a strong research tradition
and theoretical foundation for inves-
tigating its early development. Then,
building on previous efforts to opera-
tionalize this construct, they present
new evidence indicating that measures
derived from this approach appear to
be predictive of MD in kindergartners.
Gersten et al. conclude this section by
discussing past research on both for-
mal and informal instructional inter-
ventions for improving number sense.
Both their thoughtful review of this
topic and the interesting original data
they provide represent an important
first step toward the design of valid
screening measures for identifying chil-

dren at risk for developing MD. Not-
withstanding Gersten et al.’s valuable
contributions in this regard, several crit-
ical issues concerning the construct of
number sense remain unresolved and,
therefore, merit a more detailed exam-
ination. Such an analysis seems timely,
given that half a century has passed
since the concept of number sense was
first delineated (Dantzig, 1954).

What Are the Components 
of Number Sense?

Gersten et al. (in this issue) point out
that no two researchers define number
sense in exactly the same way. What
makes this situation even more prob-
lematic, however, is that cognitive sci-
entists and math educators define the
concept of number sense in very differ-
ent ways. After perusing the relevant
literature in the domains of mathemat-
ical cognition, cognitive development,
and mathematics education, I com-
piled a list of presumed features of
number sense, shown in Figure 1.
(These components were drawn from

the following reports: Case & Sowder,
1990; Dantzig, 1954; Dehaene, 1997,
2001a; Fennell & Landis, 1994; Gersten
& Chard, 1999; Howden, 1989; Kalch-
man, Moss, & Case, 2001; Markovits &
Sowder, 1994; McIntosh, Reys, & Reys,
1992, 1997; McIntosh, Reys, Reys,
Bana, & Farrell, 1997; Menon, 2004; Na-
tional Council of Teachers of Mathe-
matics [NCTM], 2000; Number Sense
Research Group, 1995; Okamoto &
Case, 1996a; B. J. Reys, 1994; R. Reys et
al., 1999; Sowder, 1992; Verschaffel &
De Corte, 1996; Yang, Hsu, & Huang, in
press; Zanzali & Ghazali, 1999).

Inspection of Figure 1 reveals that
number sense reputedly constitutes 
an awareness, intuition, recognition,
knowledge, skill, ability, desire, feel,
expectation, process, conceptual struc-
ture, or mental number line. Possess-
ing number sense ostensibly permits
one to achieve everything from under-
standing the meaning of numbers to
developing strategies for solving com-
plex math problems; from making
simple magnitude comparisons to in-
venting procedures for conducting nu-
merical operations; and from recogniz-
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ing gross numerical errors to using
quantitative methods for communicat-
ing, processing, and interpreting infor-
mation. With respect to its origins,
some consider number sense to be part
of our genetic endowment, whereas

others regard it as an acquired skill set
that develops with experience.

The major disparity here is be-
tween what might be considered a
“lower order” characterization of num-
ber sense as a biologically based “per-

ceptual” sense of quantity and a
“higher order” depiction as an ac-
quired “conceptual sense-making” of
mathematics. The former view limits
the features of number sense to ele-
mentary intuitions about quantity, in-
cluding the rapid and accurate percep-
tion of small numerosities and the
ability to compare numerical magni-
tudes, to count, and to comprehend
simple arithmetic operations (Dehaene,
1997, 2001a; Geary, 1995). Although
these foundational components are in-
corporated in the higher order per-
spective as well, number sense from
this standpoint is considered to be
much more complex and multifaceted
in nature; it comprises a deep under-
standing of mathematical principles
and relationships, a high degree of
fluency and flexibility with operations
and procedures, a recognition of and
appreciation for the consistency and
regularity of mathematics, and a ma-
ture facility in working with numerical
expressions—all of which develop as a
byproduct of learning through a wide
array of mathematics education activi-
ties (Greeno, 1991; Verschaffel & De
Corte, 1996; see Note 1).

Stanislas Dehaene (2001b), a cog-
nitive neuroscientist and author of The
Number Sense (Dehaene, 1997), con-
tended that if only for the sake of econ-
omy, a single number sense (i.e., ana-
log representation of quantity) should
be hypothesized, rather than a patch-
work of representations and abilities.
However, he also suggested that this
core representation becomes connected
to other cognitive systems as a conse-
quence of both development and edu-
cation. “What is at stake is to what
extent the initial quantity system is al-
tered through these interactions; and
to what extent the adult concept of
number is based solely on the quantity
system as opposed to an integration 
of multiple senses of numbers” (De-
haene, 2001b, p. 89).

Although Dehaene’s position
seems eminently reasonable, at least to
the present author, it is unlikely that
math educators would embrace this
view, given that the more expansive

1. A faculty permitting the recognition that something has changed in a
small collection when, without direct knowledge, an object has been re-
moved or added to the collection (Dantzig, 1954).

2. Elementary abilities or intuitions about numbers and arithmetic.
3. Ability to approximate or estimate.
4. Ability to make numerical magnitude comparisons.
5. Ability to decompose numbers naturally.
6. Ability to develop useful strategies to solve complex problems.
7. Ability to use the relationships among arithmetic operations to under-

stand the base-10 number system.
8. Ability to use numbers and quantitative methods to communicate,

process, and interpret information.
9. Awareness of various levels of accuracy and sensitivity for the reason-

ableness of calculations.
10. A desire to make sense of numerical situations by looking for links be-

tween new information and previously acquired knowledge.
11. Possessing knowledge of the effects of operations on numbers. 
12. Possessing fluency and flexibility with numbers.
13. Can understand number meanings.
14. Can understand multiple relationships among numbers.
15. Can recognize benchmark numbers and number patterns.
16. Can recognize gross numerical errors.
17. Can understand and use equivalent forms and representations of num-

bers as well as equivalent expressions.
18. Can understand numbers as referents to measure things in the real

world.
19. Can move seamlessly between the real world of quantities and the math-

ematical world of numbers and numerical expressions.
20. Can invent procedures for conducting numerical operations.
21. Can represent the same number in multiple ways depending on the con-

text and purpose of the representation.
22. Can think or talk in a sensible way about the general properties of a nu-

merical problem or expression—without doing any precise computation.
23. Engenders an expectation that numbers are useful and that mathematics

has a certain regularity.
24. A non-algorithmic feel for numbers.
25. A well-organized conceptual network that enables a person to relate

number and operation.
26. A conceptual structure that relies on many links among mathematical re-

lationships, mathematical principles, and mathematical procedures.
27. A mental number line on which analog representations of numerical

quantities can be manipulated.
28. A nonverbal, evolutionarily ancient, innate capacity to process approxi-

mate numerosities.
29. A skill or kind of knowledge about numbers rather than an intrinsic

process.
30. A process that develops and matures with experience and knowledge.

FIGURE 1. Alleged components of number sense.
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conception of number sense they es-
pouse is already entrenched in various
forms, for example (a) as one of the five
content standards of the National Coun-
cil of Teachers of Mathematics Princi-
ples and Standards for Mathematics (2000);
(b) in contemporary mathematics text-
books; and (c) as a distinct set of test
items included in the mathematics por-
tions of the National Assessment 
of Educational Progress (NAEP), the
Trends in International Mathematics
and Science Study (TIMSS), and the
Program for International Student As-
sessment (PISA). Nonetheless, the pres-
ent analysis can, I hope, inform the
effort recommended by Gersten at al.
(in this issue) to devise “more refined,
better operationalized definitions of
number sense” to make further prog-
ress in developing valid screening
measures. That being said, one must
bear in mind that the utility of opera-
tional definitions will in part be deter-
mined by the clarity and soundness of
the theoretical conceptualizations from
which they are derived. Indeed, Ger-
sten et al. have proceeded in just such
a manner by basing their screening
measures on the models of both Geary
(1993, 2004) and Case and colleagues
(Kalchman et al., 2001; Okamoto &
Case, 1996; see Note 2).

Why Are Timed Tests of
Number Sense Important?

In discussing critical next steps for de-
veloping screening measures of num-
ber sense in general and numerical
magnitude comparisons in particular,
Gersten et al. (in this issue) suggest
that future research be aimed at resolv-
ing whether measures administered to
kindergartners and first graders should
be timed or untimed. This recommen-
dation was based on the reputed lack
of evidence to indicate that the speed
of making magnitude comparisons is
an important variable to measure, at
least with respect to its validity for pre-
dicting mathematical proficiency over
the short term.

Interestingly, however, recent evi-
dence from studies of school-age chil-

dren with MD suggests that it may be
crucial to measure the speed of execut-
ing such quantity discriminations, as
this variable can reveal subtle yet im-
portant differences in numerical infor-
mation processing that may not be
tapped by assessing accuracy alone.
For example, by measuring response
times on individual magnitude com-
parison trials composed of single-digit
pairs, Landerl, Bevan, and Butterworth
(2004) found that 8- and 9-year-old
children with dyscalculia were signifi-
cantly slower than controls for correct
responses, despite a lack of difference
in error rates (but the groups did not
differ in their speed of making physi-
cal size comparisons). Similarly, Pas-
solunghi and Siegel (2004) discovered
that whereas fifth-grade children with
MD were no less accurate in comparing
the magnitudes of one- to four-digit
numbers than their typically achieving
controls, they were significantly slower
overall in carrying out these compar-
isons for a set of 16 number pairs.

As the vast majority of item pairs
for the Passolunghi and Siegel (2004)
study were composed of two- to four-
digit numbers, it is likely that further
investigation of numerical comparisons
for multidigit numbers may prove use-
ful. Indeed, as Geary and Hoard (2002)
have pointed out, although a good deal
is known about the magnitude com-
parison (and other numerical compre-
hension) skills of children with MD for
single-digit numbers, relatively little is
known about such abilities with re-
spect to more complex numerals. Some
recent research examining the speed
with which typically achieving chil-
dren of various ages make magnitude
comparisons with two-digit numbers
has yielded an intriguing hypothesis
about a source of deficits in the multi-
digit number judgments of children
with MD.

Before discussing this study, it is
necessary to briefly review the results
of prior, related work with adults.
First, when making magnitude com-
parisons with two-digit numbers, adults
exhibit a so-called distance effect (De-
haene, Dupoux, & Mehler, 1990); that

is, the greater the numerical difference
between the two-digit numbers being
compared, the shorter the time re-
quired to judge which number is larger
(see Notes 3 and 4). For example,
adults respond more quickly when
judging whether 57 is larger than 42
than when deciding whether 61 is
larger than 59. This result is counterin-
tuitive, as the size of the unit digits is
irrelevant when the decade digits dif-
fer in magnitude. Furthermore, the
finding of a distance effect was taken to
indicate that the decade and unit dig-
its are mapped holistically on the men-
tal number line rather than separately.
However, Nuerk, Weger, and Willmes
(2001) subsequently showed that in-
compatible number pairs, in which the
unit and decade digits lead to different
“decisions” (e.g., 47 and 62) were re-
sponded to more slowly than compat-
ible number pairs (e.g., 42 and 57). This
so-called unit–decade compatibility effect
suggests that at least in adults, two-
digit numbers are processed separately
and in parallel rather than holistically.

By examining response times for
similar types of two-digit number
comparisons in second to fifth grad-
ers, Nuerk, Kaufmann, Zoppoth, and
Willmes (2004) recently demonstrated
that independent processing of the
decade and unit digits begins around
the second grade. Moreover, their re-
sults suggested that this strategy of de-
composing the decade and unit digits
develops from a sequential (left to
right) processing mode to a more par-
allel processing mode. Nuerk et al.
contended that what develops with
age, then, is not the kind or number of
representations, but the way in which
children access and integrate them.

Of particular importance with re-
spect to the present analysis are the im-
plications of these findings for children
who experience MD. Namely, Nuerk 
et al. hypothesized that the develop-
ment of rapid, quasi-parallel digit inte-
gration when working with multidigit
Arabic numbers may be deficient in
children with MD. As they pointed out,
if digit integration develops more
slowly or is still predominantly se-
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quential in such children, then the cal-
culation of multidigit numbers would
demand considerably more working
memory and attentional resources than
if the digits are integrated in a rapid,
quasi-parallel fashion.

It is interesting to note that both of
the two-digit magnitude comparison
items from the Number Knowledge Test
(Okamoto & Case, 1996) shown in
Table 1 of Gersten et al. (in this issue;
i.e., “Which is bigger: 69 or 71?” and
“Which is smaller: 27 or 32?”) consti-
tute incompatible number pairs. Based
on the findings of Nuerk et al. (2004), it
is possible that using only incompati-
ble pairs may inadvertently yield evi-
dence of even greater processing diffi-
culties for children with MD than if
compatible pairs (e.g., 65 and 78) were
also included, at least from the second
grade on. Unfortunately, we do not as
yet know whether a unit–decade com-
patibility effect would emerge in kin-
dergartners or first graders, even with
respect to error rates. Consequently,
further study of this issue is likely to
prove informative both for theory and
for early identification.

Can Number Sense 
Be Taught?

Gersten et al. (in this issue) claim that
if number sense is viewed as a skill or
a kind of knowledge rather than an
“intrinsic” process (Robinson et al.,
2002), it should teachable. However, as
some theorists have claimed that num-
ber sense is rooted in our biological
makeup, what are the implications of
this perspective for “teaching” it or at
least fostering its development? Con-
trary to a strict nativist position, most
theorists who adhere to the view that
number sense has a long evolutionary
history and a specialized cerebral sub-
strate do not judge that it thereby con-
stitutes a fixed or immutable entity.
Rather, the emergence of rudimentary
components of number sense in young
children is thought to occur “sponta-
neously without much explicit instruc-
tion” (Dehaene, 1997, p. 245), at least

under nondisadvantaged rearing con-
ditions.

Furthermore, according to Geary
(1995), the neurocognitive systems
supporting these elementary numeri-
cal abilities include what has been re-
ferred to as skeletal principles (Gelman,
1990; Gelman & Meck, 1992), because
they provide just the foundational
structure for the acquisition of these
abilities. Concomitantly, engaging in
numerical kinds of games and activi-
ties is thought to “flesh out” these prin-
ciples (Geary, 1995). Consistent with
this perspective, the effective use of
board games with children with low
socioeconomic status (Griffin, Case, &
Siegler, 1994) mentioned by Gersten 
et al. (in this issue) aptly leads them to
the conclusion that both formal and
informal instruction can enhance num-
ber sense development prior to enter-
ing school. The interested reader should
consult Siegler and Booth (2004) for a
thoughtful delineation of the multiple
factors inherent in such games that are
ideal for enhancing the construction of
a linear mental representation of nu-
merical magnitude, as well as for a va-
riety of practical suggestions regarding
other instructional strategies that can
be used at home or at school.

Gersten et al. (in this issue) also
suggest that one goal of early interven-
tion is to enhance the ability of children
to use a mental number line. That be-
ing said, the most judicious approach
to selecting an intervention would be
to base it on one’s model of the mental
number line, as Gersten et al. have
done with respect to Case’s central
conceptual structures model. How do
these various models differ, and what
kinds of instructional interventions
can be derived from them? Given
space limitations, only a brief account
of these issues can be given here. Basi-
cally, there is general agreement among
such theorists that at its most nascent
level, numerical information is proba-
bly manipulated in an analog format in
which numerosities are represented as
distributions of activation on the men-
tal number line (Dehaene, 2001a). How-
ever, the precise nature of this repre-

sentation is as yet unresolved (Siegler
& Booth, 2004). Nonetheless, there is a
growing body of evidence that this sys-
tem putatively evolved to handle only
approximate numerical judgments, not
exact ones (Dehaene, 1997, 2001a; De-
haene, Spelke, Pinel, Stanescu, & Tsiv-
kin, 1999; Pica, Lemer, Izard, & De-
haene, 2004).

As Geary (in press) pointed out,
“the learning of specific quantities be-
yond four and mapping number
words onto the representations of
these quantities is a difficult task, be-
cause the analog magnitude system
that must be adapted for this purpose
functions to represent general amounts,
not specific quantities (Gallistel & Gel-
man, 1992).” The difficulties associated
with this mapping process can be es-
pecially challenging for children with
MD who also experience reading diffi-
culties. For example, Hanich, Jordan,
Kaplan, and Dick (2001) found that
children with comorbid MD and read-
ing difficulties performed lower on a
measure of exact arithmetic than chil-
dren with MD only, although these
groups did not differ on a test of ap-
proximate arithmetic. As Gersten et al.
(in this issue) correctly note, different
interventions may be required for ame-
liorating the difficulties experienced in
these two types of MD.

What are the pedagogical impli-
cations of viewing number sense as a
much more complex and multifaceted
construct than “simply” possessing
elementary intuitions about quantity?
Among other recommendations ema-
nating from this perspective, it has
been argued that number sense “can-
not be compartmentalized into special
textbook chapters or instructional units”
(Verschaffel & De Corte, 1996, p. 109)
and that its development does not re-
sult from a selected subset of activities
designed specifically for this purpose
(Greeno, 1991). Similarly, B. J. Reys
(1994) contended that number sense
constitutes “a way of thinking that
should permeate all aspects of mathe-
matics teaching and learning” (p. 114).
Finally, Greeno (1991) suggested that
“it may be more fruitful to view num-
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ber sense as a by-product of other
learning than as a goal of direct in-
struction” (p. 173). It should be noted
that these strategies, along with other
“constructivist” approaches, have been
considered by some to be only weakly
related to the theoretical conceptions
and empirical findings that have
emerged from the cognitive sciences
(Geary, 1995).

Conclusion

The objective of the present analysis
was to shed some light on the nature,
origins, and pedagogical implications
of differing conceptions of number
sense. Although various definitional
and theoretical issues pertaining to this
construct remain unresolved, there ap-
pear to be several promising, model-
based directions for both the early
identification of potential mathemati-
cal difficulties and the design of in-
structional interventions. By summa-
rizing the major issues in this domain,
framing the critical questions, and sug-
gesting some next steps in developing
valid screening measures and effective
intervention programs, Gersten et al.
(in this issue) have performed a valu-
able service for the field. I hope the
preceding examination of number
sense will contribute to this important
endeavor.
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NOTES

1. Consistent with this broad conception, sev-
eral other types of mathematical “senses”
have also been proffered: an operation sense,
a graphic sense, a spatial sense, a symbol
sense, and a structure sense (Arcavi, 1994;

Linchevski & Livneh, 1999; Picciotto & Wah,
1993; Slavit, 1998).

2. It should be pointed out that the compara-
tively broad-based, higher order conception
of number sense espoused by mathematics
educators has yielded a surfeit of numerical
and mathematical tasks, problems, and test
items that operationalize number sense from
pre-K all the way through high school (see
Number Test Item Bank at http://www
.nzmaths.co.nz/numeracy/Other%20
material/Number%20Sense%20Items.pdf).

3. The distance effect for magnitude compar-
isons with single digits was first reported
almost 40 years ago (Moyer & Landauer,
1967). Moreover, there are several lines of
evidence indicating the importance of exam-
ining this speed-based effect (although it also
shows up in error rates): (a) the distance ef-
fect has been found to occur in children as
young as 5 years of age (Duncan & McFar-
land, 1980; Sekular & Mierkiewicz, 1977;
Temple & Posner, 1998); (b) this effect is one
of the key markers of the mental number line;
(c) the neuroanatomical substrate of the
comparison process that yields this effect ap-
pears to be the same in young children as in
adults (Temple & Posner, 1998); and (d) the
slope of the response time function repre-
senting the distance effect systematically de-
clines in children as they get older (Sekular
& Mierkiewicz, 1977). One explanation for
the latter outcome is that the analog quan-
tity representations on the mental number
line may become less “noisy” with age and
experience.

4. The only study to date that has assessed
speed of magnitude comparisons at different
distance levels in children with MD is the
Landerl et al. (2004) experiment with 8- and
9-year olds described earlier. Neither the
MD-only nor the MD + RD group exhibited
a distance effect; however, as neither the RD-
only group nor the typically achieving con-
trols did either, the possibility of differences
in the distance functions between children
with and without MD remains to be deter-
mined. Some evidence regarding this issue
can be gleaned from the only two other stud-
ies that have examined the effects of numer-
ical distance on performance in children
with MD, despite the fact that only accuracy
levels were measured (Geary, Hamson, &
Hoard, 2000; Geary, Hoard, & Hamson,
1999). In the first study (Geary et al., 1999),
no distance effect emerged in first grade for
either the MD-only, RD-only, or typically
achieving children, with performance being
near ceiling for the latter two groups. How-
ever, one third of the MD + RD group chil-

dren could not correctly judge the larger
number for either small-value (e.g., 2 and 3)
or large-value (e.g., 8 and 9) pairs at a dis-
tance level of 1. Assessing these same chil-
dren again in second grade, Geary et al.
(2000) found that most of the MD + RD
children could determine that 3 is more than
2, although they still did not know that 9 is
larger than 8 (a finding known as the size
effect). These findings, limited though they
may be, suggest to the present author that
the analog representations of arabic numer-
als on the mental number line of MD + RD
group children may be “noisier” than for
typically achieving children. Clearly, further
investigation of the distance effect for single
digits in children with MD is needed in
order to test this hypothesis.
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